Rotating small AdS black holes exhibit the superradiant instability to low-frequency scalar perturbations, which is amenable to a complete analytic description in four dimensions. In this paper, we extend this description to all higher dimensions, focusing on slowly rotating charged AdS black holes with a single angular momentum. We divide the spacetime of these black holes into the near-horizon and far regions and find solutions to the scalar wave equation in each of these regions.
I. INTRODUCTION
Superradiance is a property of rotating black holes by which waves of certain frequencies are amplified when scattering by the black holes. The amplification effect occurs due to the extraction of rotational energy from the black holes. This is a wave analog of the hypothetical Penrose process [1] wherein the extraction of rotational energy occurs by orbiting and breaking up a particle in the ergoregion of the black holes. Zel'dovich apparently first pointed out that a rotating black hole may possess the superradiant property just as an axially-symmetric body rotating with an angular velocity Ω in a resonant cavity, where oscillation modes with the frequency ω and azimuthal number m, fulfilling the condition ω < mΩ, undergo amplification [2, 3] . The superradiant property was independently discussed by Misner [4] as well, who demonstrated that scalar waves scattered by a Kerr black hole become amplified if the wave frequency ω < mΩ H , where Ω H is the angular velocity of the black hole. Developing further Zel'dovich's heuristic idea on the possibility of exponential amplification of waves, when surrounding a rotating black hole by a semitransparent mirror, Press and Teukolsky [5] proposed a "black hole bomb" mechanism as an intriguing probe of the strong superradiant instability in the black hole-mirror system.
Following the spirit of these fruitful ideas, Starobinsky [6] developed a quantitative theory of superradiance for scalar waves in the Kerr metric. Similar considerations for electromagnetic and gravitational waves were given in [7] . Ever since, superradiance and the black hole bomb mechanism have been the subject of many investigations. The authors of works [8, 9] have shown that rotating black holes are stable against all modes of massless bosonic perturbations, whereas it appeared to be opposite for massive bosonic perturbations [10] [11] [12] (see also [13] and references therein). It is the nonvanishing mass of a bosonic field that provides a natural mirror around the black hole, thereby resulting in the superradiant instability of bound state modes of the bosonic field. In addition, it has recently been shown that the instability time scale for these bound state modes may become orders of magnitude shorter in many cases of physical interest [14] [15] [16] [17] [18] [19] and thus giving rise to potentially observable effects of the superradiant instability. In this regard, the case of ultralight axions appearing in the "axiverse" scenario [20] of string theory compactifications is particularly intriguing. It appears that for axions in a certain mass range, the time scale of the superradiant instability becomes significantly short, creating gaps in the mass-spin spectrum of astrophysical black holes [20] .
Yet another physically more realistic setup for the black hole instability can occur in spacetimes with natural reflective boundaries. For example, the "confining-box" behavior of asymptotically anti-de Sitter (AdS) or Gödel spacetimes can serve as a resonant cavity between the rotating black holes and spatial infinity. This in turn would result in the instability of superradiant modes of massless bosonic perturbations. As shown in [21] , small Kerr-AdS black holes do indeed exhibit the superradiant instability to scalar perturbations (see also [22, 23] for related works). Using the arguments of works [21, 24] , a quantitative description of the superradiant instability of small rotating charged AdS black holes in five dimensions was given in [25] . Meanwhile, the unstable superradiant modes of scalar perturbations, which occur for rotating black holes in the Gödel universe of five-dimensional minimal ungauged supergravity, were studied in [26] by using numerical calculations. More recently, the superradiant effects of a massive and charged scalar field for small Reissner-Nordström-AdS black holes were analyzed in all spacetime dimensions, by employing analytical and numerical techniques [27] . This analysis has shown that in odd spacetime dimensions the matching procedure of [25] fails for some values of the orbital quantum number ℓ, thereby entailing the apparent absence of the instability for these modes. This occurs because the near-horizon and far regions solutions to the Klein-Gordon equation have different functional dependence (involving the logarithmic term) that makes their matching impossible. Solving numerically the Klein-Gordon equation for this special case, where the analytical method is no longer valid, the authors of [27] have shown that the superradiant instability does exist in this case as well.
In spite of the subtleties with the matching procedure in odd spacetime dimensions, one can still successfully use an analytical approach to give a complete description of the superradiant instability in higher dimensions. In fact, this was demonstrated in [28] by focusing on the black hole bomb model for scalar perturbations in five dimensions. The key ingredients of this description are based on a theoretical assumption that the orbital quantum number ℓ is not exactly, but nearly integer. This allows one to perform the matching of the near-horizon and far regions solutions in their overlap region, avoiding the solution with a logarithmic term that excludes the matching procedure. The resulting frequency spectrum of bound state modes, which is calculated by taking the corresponding limits as ℓ approaches even or odd integers, shows that all ℓ modes undergo the superradiant instability.
The main aim of this paper is to continue the spirit of [28] and give a complete analytic description of the superradiant instability in all higher dimensions, focusing on the case of slowly rotating charged AdS black holes with a single angular momentum. In Sec. II we begin with the spacetime metric for a higher-dimensional Kerr-AdS black hole and discuss some of its basic properties. Assuming that the black hole may carry a small electric charge, we present the associated potential one-form and calculate the electrostatic potential of the horizon. We also note that with a generic electric charge, the associated spacetime metric where N is the number of spatial dimensions, and yields two decoupled equations, the radial and angular equations. In Sec. IV we construct solutions the radial wave equation in the regime of low-frequency perturbations: We divide the spacetime of a small and slowly rotating charged AdS black hole into the near-horizon and far regions and find solutions to the radial equation in each of these regions. Next, we perform the matching of these solutions in an intermediate region by utilizing the idea that the orbital quantum number ℓ can be thought of as an approximate integer, as earlier suggested in [28] . This results in the complete low-frequency solution to the radial wave equation. We also discuss the complex frequency spectrum of quasinormal modes, whose imaginary part is given by a small damping parameter. Finally, a remarkably instructive expression for the damping parameter is given in Sec. V, which turns out to be a complex quantity. We argue that the real part of this expression universally describes the superradiant instability of slowly rotating charged AdS black holes in all higher dimensions and to all modes of scalar perturbations. In Sec. VI we conclude with a discussion of our results.
II. THE SPACETIME METRIC
The spacetime metric for general multiply rotating AdS black holes in all higher dimensions was found in [29] . We will focus on the higher-dimensional AdS black hole with a single angular momentum (the Kerr-AdS black hole), thus avoiding complications introduced by multiple rotations. The metric for this black hole is given by
where N is the number of spatial dimensions (N ≥ 3) and
is the metric on a unit (N − 3)-sphere. The metric functions are given by
Here l denotes the curvature radius of the AdS space, which is given by the negative
The parameters m and a are, respectively, determined by the mass and angular momentum of the black hole, as given in [30] [31] [32] [33] .
Meanwhile, for the determinant of metric (1) we have
where γ is the determinant of metric (2).
Next, we need to know the angular velocity and the electrostatic potential of the black hole, assuming that it may possess a small electric charge. They can be obtained by using the time-translational and rotational isometries of metric (1), described by two commuting Killing vectors ξ (t) = ∂ t and ξ (φ) = ∂ φ . Defining a family of locally nonrotating observers on orbits with constant r and θ, for which the velocity vector u µ obeys the condition u · ξ (φ) = 0, we find that the coordinate angular velocity of these observers at the horizon r → r + (∆ r = 0) is given by
This in turn gives the angular velocity of the black hole. With this angular velocity, the co-rotating Killing vector χ = ξ (t) + Ω H ξ (φ) becomes tangent to the null surface ∆ r = 0, thus correctly describing the isometry of the horizon (see [33] for details).
Meanwhile, the potential one-form for a small electric charge in the the background of metric (1) is determined by the difference between the timelike Killing isometries of this metric and those of its reference background, as shown in [32, 33] . Consequently, we have
where the parameter Q is given by the electric charge of the black hole through Gauss's law.
The associated contravariant components are given by
which, by equation (6), yield
With these expressions in mind, it is now straightforward to show that the electrostatic potential of the horizon, defined as Φ H = −A · χ , is given by
We also note that by a rescaling of the mass parameter in metric (1),
one can introduce a generic electric charge into the black hole spacetime. Then, for N = 3
we have the familiar Kerr-Newman-AdS metric in four dimensions, in which case m = 2M
and the potential one-form has the form as given in (6) . However, in higher dimensions the system of Einsten-Maxwell equations becomes consistent only in the limit of slow rotation [34] . Thus, with equations (6) and (10) and keeping only linear in a terms, the metric in (1) describes a slowly rotating higher-dimensional AdS black hole with an arbitrary amount of the electric charge. The horizon of such a black hole is governed by the equation ∆ r = 0 in (3), after performing the rescaling in accordance with (10) and dropping the a 2 term. Thus, we have the equation
where the parameter q is related to the electric charge of the black hole by the relation
We note that in the limit of slow rotation, the parameter Q coincides with electric charge of the AdS black hole [33, 34] .
III. SCALAR FIELD
We now consider a massless scalar field Φ propagating in the background of the Kerr-AdS black hole, given by spacetime metric (1) . Assuming that the black hole may also have a small electric charge, it is straightforward to show that the Klein-Gordon equation
where ∇ µ is a covariant derivative operator and e is the charge of the scalar field, can be written out in the form
Here we have introduced the Laplace-Beltrami operator △ (N −3) on a unit (N − 3)-sphere,
decomposing the indices as µ = {r, θ, a, α}, where a = 0, 3 ≡ t, φ and α = 1, ..., N − 3 .
Next, to separate variables in equation (14) we assume the ansatz in the form
where m is the "magnetic" quantum number that takes integer values being associated with rotation in the φ-direction. In the following, we will focus on the case of positive frequency (ω > 0) and positive m. The hyperspherical harmonics Y j (Ω) are eigenfunctions of the Laplace-Beltrami operator (see e.g. [35] ). The corresponding eigenvalues are given by
With this in mind, it is not difficult to show that separation ansatz (16) yields two decoupled ordinary differential equations; the angular equation
and the radial equation
where
. (20) It should be noted that angular equation (18), subject to the regular boundary conditions at θ = 0 and θ = π/2, yields a well-defined eigenvalue problem for the separation constant λ = λ ℓ (ω), where ℓ is an integer which can interpreted as being an "orbital" quantum number. The associated eigenfunctions are AdS modified higher-dimensional spheroidal harmonics S(θ) = S ℓ mj (θ|aω). In general, the eigenvalues are determined numerically, but in some special cases they can also be calculated analytically, as shown in [36] . Similarly, assuming that a/l ≪ 1 and focusing on low frequencies one can show that
which implies the condition ℓ ≥ m + j as well.
To proceed further with radial equation (19) , it is useful to introduce a new radial function, defined by
and a new radial coordinate r * , given by
Using these relations in equation (19), we transform it to the Schrödinger form
where the effective potential is given by
Here U(r) is the same as that given in equation (20) and
Next, we need to impose boundary conditions on the propagating scalar waves at spatial infinity and at the horizon. Recalling that the AdS spacetime yields a natural reflective boundary at spatial infinity due to its confining-box behavior, it is tempting to impose the vanishing field boundary condition,
Meanwhile, from the physical point of view, it is clear that at the horizon one must impose an ingoing wave boundary condition. From equation (25) it follows that at the horizon, r → r + , the effective potential reduces to
This in turn yields the asymptotic solution that represents a purely ingoing wave at the horizon,
where ω p is the threshold frequency, given by
It follows that for the frequency range
the phase velocity of the wave, v ph = ω/(ω p − ω), is in the opposite direction with respect to the group velocity, v gr = −1. This fact signifies the appearance of superradiance, resulting in the energy outflow from the black hole.
It is clear that the above boundary conditions at spatial infinity and at the horizon render the frequency spectrum of bound state modes quasinormal, with complex frequencies. If the imaginary part of a characteristic frequency is positive, exponential growth of the associated mode amplitude occurs, as follows from decomposition (16) . In this case, the system would eventually develop instability. In what follows, we will describe this phenomenon for low-frequency modes in which case such a description appears to be amenable to analytic consideration.
IV. LOW-FREQUENCY SOLUTION
We will now construct solutions to radial wave equation (19) , focusing on low-frequency perturbations, i.e. in the limit when the frequency of the typical perturbation is much less than the inverse of the horizon scale, ω ≪ 1/r + . It is not difficult to show that even in this case, one can not manage to find the general solution to equation (19) , by employing the methods which are known in the theory of ordinary differential equations. On the other hand, this can be done by dividing the spacetime into the near-horizon and far regions and looking for solutions in each of these regions. Then the subsequent matching of these solutions in an overlapping region will yield the complete low-frequency solution to equation (19) . The similar approach was first developed by Starobinsky [6] in the theory of superradiance for a Kerr black hole in four dimensions. To avoid potential complications, we will here focus on a small AdS black hole in the regime of slow rotation, i.e. when r + ≪ l and a ≪ r + .
In the slow rotation regime, we will also consider an arbitrary electric charge for the black hole, using equation (10) in metric (1) and dropping all terms higher than linear order in rotation parameter a. With these assumptions in mind, we find solutions to radial equation (19) , first in the near-horizon region and then in the far-region of the spacetime.
Near-horizon solution:
In the near-horizon region, we have r − r + ≪ 1/ω and, for a slowly rotating AdS black hole of small-size, equation (19) is approximated by
where we have defined a new metric function ∆ x , given by
and a new coordinate x = r N −2 . Consequently, the quantities x + and x − correspond to the radii of outer and inner horizons, which are determined by equation (11), with r + ≪ l. In obtaining equation (31) we have also used equation (21), in which ℓ is henceforth supposed to be an approximate integer, by keeping in mind small correction terms. This would be needed to match the near-horizon and far-region solutions for all values of ℓ.
It is not difficult to show that by defining a new dimensionless coordinate,
and performing a few simple manipulations, equation (31) can be transformed into the form
This is a hypergeometric type differential equation which can be solved by the substitution
where the function F (z) = F (α , β , γ, z) is given by the standard hypergeometric equation
with
We are interested in the solution which at the horizon (z → 0) obeys the ingoing wave boundary condition in (28) . It is not difficult to show that the desired solution has the form
where A in (+) is a constant. In the following, we will match this solution to the far-region solution, in an intermadiate region of their overlap. This in turn requires us to know the behavior of this solution at large r. Using the standard formula (see e.g. [37] ) that relates the hypergeometric functions of the arguments z and 1 − z, we find that the large r (z → 1) limit of solution (39) is given by
Recall that the number ℓ in this expression is supposed to be nearly integer since the quotient
appearing in the first line requires a special care for N ≥ 4, yielding in some cases divergent results for an exact integer ℓ.
Far-region solution:
In the far-horizon region, r − r + ≫ r + , and for the black hole under consideration it follows that we can approximate equation (19) by its purely AdS limit.
Thus, we have the equation
where we again assume that ℓ is nearly integer, keeping in mind small correction terms in (21) . It is worth noting that the radial fall-off of the Newtonian potential depends on the number of dimensions, ∼ GM/r N −2 . That is, in five-dimensional spacetime, for which N = 4, the correction terms must involve the Newtonian term ∼ ω 2 r 2 + /r 2 as well.
Next, we define a new radial coordinate y, given by
in terms of which equation (41) takes the form
The solution to this equation we are interested in must be regular at the origin of the AdS space, r → 0, and satisfy the vanishing field condition at spatial infinity (see equation (26)).
It is straightforward to verify that the substitution
where the hypergeometric function F (y) is given by equation (37), with the associated
results in the desired solution. Finally, we find that
where A ∞ is a constant. We also need to know the behavior of this solution at small distances, which becomes manifest when expressing it in terms of the hypergeometric functions of the argument 1 − y. After some algebra, for y → 1 we find the expansion
which specifies the small r behavior of solution (46). In order that this solution be finite at the origin of the AdS space, r = 0, we must set the "quantization" condition
which follows from the pole structure of the gamma function, Γ
Here n is a non-negative integer which can be thought of as a "principal" quantum number.
Clearly, this condition governs the discrete frequency spectrum for scalar perturbations in the higher-dimensional AdS spacetime, resulting in the remarkably simple formula
This is in agreement with the result given in [27] . Recall that we consider only positive frequency spectrum. Meanwhile, the presence of a black hole would render the decay of bound state modes by tunneling the waves through the potential barrier into the horizon.
In this case, as mentioned above, the frequency spectrum becomes quasinormal, given by the complex frequencies
where δ is a small damping parameter that "measures" the decay of bound state modes due to the presence of the black hole.
Overlap region: Comparing now equation (47) with that given in (40), it is not difficult to see that there exists an overlapping region, r + ≪ r − r + ≪ 1/ω, of validity for the near-horizon and far-region solutions. Thus, with relations (49) and (50) in mind, one can perform the matching of these solutions in the overlapping region. This allows us to find the damping parameter by iteration and, to first order, it is given by
Here the quantity Ω has the same form as given in equation (35), where one must now put ω = ω n .
V. INSTABILITY
As mentioned above, when the damping parameter is positive, a characteristic field mode would exponentially grow its amplitude, resulting in the instability of the system. Therefore, to proceed further with expression (51), we need to establish its sign for the cases of interest.
We begin by simplifying the quotients of gamma functions, appearing in the second line of this expression. Using the standard functional relation for gamma functions Γ(z)Γ(1 − z) = π/ sin πz and performing straightforward calculations, we find that
In obtaining equation (54) we have also used the relation Γ(z + k) = (z) k Γ(z), where (z) k is the Pochhammer factorial, given by
Substituting now these relations in (51), we find that the expression for the damping parameter can be put in the following remarkable form
We note that this is a complex quantity, whose real part describes the damping of modes, while the imaginary part gives the frequency-shift of modes with respect to the AdS spectrum. It is easy to see that the overall sign of the real part is entirely determined by the sign of the quantity Ω and it is positive for Ω < 0, i.e. in the superradiant regime. Meanwhile, no such sign-changing occurs for the imaginary part that behaves as being not sensitive to the superradiance.
In order to give further insight into expression (56), let us now assume that the orbital quantum number ℓ approaches a non-negative integer in the limit ǫ → 0 and consider the following exhaustive cases: (i) ℓ N −2 = p + ǫ, where p is a non-negative integer.
1 In this case, the imaginary part of (56) (56) and taking the limit ǫ → 0, we find that
Again, we see that the real part of this expression becomes positive in the supperradiant regime, Ω < 0, thus resulting in exponential growth of the mode amplitudes. Meanwhile, its imaginary part contains 1/ǫ type divergence in the limit ǫ → 0. However, it should be remembered that we are dealing with small-size black holes: The horizon radius r + is small enough, fitting the range of validity of the low-frequency solution under consideration, r + ≪ r − r + ≪ 1/ω. With this in mind, one can argue that the ratio
showing up in the imaginary part of (57), to high accuracy, can be driven to a small finite quantity even for the lowest mode, p = 0. Similar arguments were earlier discussed in [28] , by performing a detailed numerical analysis in five dimensions.
Thus, we conclude that the real part of expression (56) can be regarded as giving a universal description of the superradiant instability for small and slowly rotating charged
AdS black holes in all spacetime dimensions. The analysis of expression (56) shows that the instability time scale, τ = 1/δ, significantly grows as the number of dimensions increases.
VI. CONCLUSION
The superradiant instability of small rotating black holes in four-dimensional spacetimes has been thoroughly investigated in the literature. Remarkably, for low-frequency scalar perturbations this phenomenon appears to be amenable to a complete quantitative description for both black hole-mirror systems and AdS black holes. The basic idea of this description traces back to a pioneering work of Starobinsky [6] , where the complete low-frequency solution to the Klein-Gordon equation was found by matching together the near-horizon and far regions solutions.
However, it appears that there exist some subtleties with the matching procedure in higher dimensions, where it fails to be valid for certain modes of scalar perturbations. This makes the use of numerical integration inevitable [27] , thereby creating a gap in the complete analytic description of the superradiant instability in higher-dimensional spacetimes. In this paper, we have filled this gap, extending the complete analytic description of the black hole superradiant instability to all higher dimensions. As an instructive model of crucial importance, we have elaborated on the case of a small rotating charged AdS black hole, in the regime of slow rotation and with a single angular momentum.
First, we have demonstrated that Klein-Gordon equation for a massless charged scalar field, propagating in the background of a higher-dimensional weakly charged Kerr-AdS black hole completely separates. Then, focusing on the spacetime of a slowly rotating charged AdS black black hole, we have found solutions to the radial wave equation in the nearhorizon and far regions of this spacetime. Utilizing the idea of our previous work [28] , which is based on the assumption that the orbital quantum number ℓ can be considered as an approximate integer, we have performed the matching of these solutions in the overlap region. Thus, we have obtained the complete low-frequency solution to the radial wave equation, resulting in the complex frequency spectrum for quasinormal scalar modes. The small damping parameter appearing in the imaginary part of this spectrum measures the decay of bound state modes.
Finally, we have calculated the damping parameter, ending up with a manifestly instructive expression which appeared to be a complex quantity. Performing a detailed analysis of this expression for all pertinent cases, as the orbital quantum number ℓ approaches a non-negative integer, we have concluded that its real part correctly describes the negative damping of modes in the regime of superradiance, i.e. the superradiant instability of the higher-dimensional AdS black holes under consideration.
Note added. While completing this paper, the work of [38] appeared where the superradiant instability of slowly rotating (uncharged) AdS black holes in higher dimensions is also discussed, thoroughly utilizing the key idea of [28] on the "nearly" integer orbital quantum number.
VII. ACKNOWLEDGMENT
The author is a member of the Science Academy, Turkey and thanks the Academy for stimulating encouragement.
